An a priori bound of rational functions on the Berkovich projective line by Okuyama, Yûsuke
ar
X
iv
:1
80
5.
07
66
8v
2 
 [m
ath
.D
S]
  1
0 J
an
 20
19
AN A PRIORI BOUND OF RATIONAL FUNCTIONS ON
THE BERKOVICH PROJECTIVE LINE
YUˆSUKE OKUYAMA
Abstract. We establish a locally uniform a priori bound on the dy-
namics of a rational function f of degree > 1 on the Berkovich projective
line over an algebraically closed field of any characteristic that is com-
plete with respect to a non-trivial and non-archimedean absolute value,
and deduce an equidistribution result for moving targets towards the
equilibrium (or canonical) measure µf , under the no potentially good
reductions condition. This partly answers a question posed by Favre
and Rivera-Letelier.
1. Introduction
Let K be an algebraically closed field of any characteristic that is com-
plete with respect to a non-trivial and non-archimedean absolute value | · |.
The Berkovich projective line P1 = P1(K) compactly augments the classical
projective line P1 = P1(K) (see [5]) and is canonically regarded as a tree in
the sense of Jonsson [10, Definition 2.2], the topology of which coincides with
the (Gelfand) topology of P1. The continuous action on P1 of a rational func-
tion h ∈ K(z) canonically extends to that on P1. If in addition degh > 0,
then this extended continuous action is also open and surjective, preserves
both P1 and P1 \ P1, and satisfies #h−1(S) ≤ deg h for every S ∈ P1. More
precisely, the local degree function deg· h : P
1 → {1, . . . ,deg h} also canon-
ically extends to an upper semicontinuous function P1 → {1, . . . ,deg h} so
that
∑
S′∈h−1(S) degS′ h = deg h for every S ∈ P
1, and induces the pullback
action h∗ of h on the space of all Radon measures on P1; letting δS be the
Dirac measure on P1 at each S ∈ P1, h∗δS =
∑
S′∈h−1(S)(degS′ h)δS′ on P
1.
By the seminal Baker–Rumely [1], Chambert-Loir [7], and Favre–Rivera-
Letelier [8], for every f ∈ K(z) of degree d > 1, there is the unique equilib-
rium (or canonical) measure µf of f on P
1, which has no masses on polar
subsets in P1 and satisfies the f -balanced property
f∗µf = d · µf on P
1
(so in particular the f -invariance f∗µf = µf on P
1). Moreover, the equidis-
tribution for iterated pullbacks of points
lim
n→∞
(fn)∗δS
dn
= µf weakly on P
1(1.1)
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holds for every S ∈ P1 but the at most countable exceptional set E(f) :=
{a ∈ P1 : #
⋃
n∈N∪{0} f
−n(a) < ∞} of f ; in particular, µf is mixing (so
ergodic) under f . If charK = 0, then #E(f) ≤ 2. In general, E(f) is at
most countable and P1 \ E(f) is dense in P1.
Our aim is to contribute to a locally uniform quantitative study and an
equidistribution problem on the dynamics of f on P1.
1.1. An a priori bound of the dynamics of f . Recall (that the absolute
value | · | is said to be non-trivial if |K| 6⊂ {0, 1} and) that the absolute value
| · | is said to be non-archimedean if the strong triangle inequality
|z + w| ≤ max{|z|, |w|} for any z, w ∈ K
holds. The (normalized) chordal metric [z, w]P1 on P
1 = P1(K) (see (2.1)
for the definition. The notation is adopted from Nevanlinna’s and Tsuji’s
books [11, 14]) is in particular written as
[z, w]P1 =
|z − w|
max{1, |z|}max{1, |w|}
(≤ 1)
for any z, w ∈ K = P1 \ {∞}. The projective transformations group on P1
is identified with PGL(2,K).
Let f ∈ K(z) be a rational function on P1 of degree d > 1. We say
that f has no potentially good reductions1 if for every h ∈ PGL(2,K),
deg( ˜h ◦ f ◦ h−1) < deg f , where ˜h ◦ f ◦ h−1 ∈ k(z) (of degree ≤ deg f)
denotes the reduction of h ◦ f ◦ h−1 modulo the unique maximal ideal
mK := {z ∈ K : |z| < 1} of the ring OK := {z ∈ K : |z| ≤ 1} of K-
integers, and k := OK/mK is the residue field of K. It is known that f has
no potentially good reductions if and only if µf ({S}) = 0 for any S ∈ P
1 \P1
(cf. [1, Corollary 10.33]).
Our principal result is the following locally uniform a priori bound of the
dynamics of f for moving targets, under the no potentially good reductions
condition.
Theorem 1. Let K be an algebraically closed field of any characteristic
that is complete with respect to a non-trivial and non-archimedean absolute
value. Then for every rational function f ∈ K(z) on P1 of degree d > 1
having no potentially good reductions, every rational function g ∈ K(z) on
P1 of degree > 0, and every non-empty open subset D in P1, we have
lim
n→∞
supw∈D log[f
n(w), g(w)]P1
dn + deg g
= 0.(1.2)
The argument in the proof is similar to those in Buff–Gauthier [6] and
Gauthier [9], using a comparison principle (Bedford–Taylor [3]; see also
Bedford–Smillie [2, Page 77]) from pluripotential theory. We note that if
g ≡ a on P1 for some a ∈ P1, then (1.2) still holds unless a ∈ E(f). The
choice of dn+deg g = dn+o(dn) as n→∞ rather than the simpler dn as the
denominator in (1.2) reflects the fact that whenever fn 6≡ g, the degree of
the effective divisor [fn = g] on P1 defined by all roots in P1 of the algebraic
equation fn = g taking into account their multiplicities equals dn + deg g.
1We avoided the terminology “potential good reduction” since it does not regard po-
tential theory, which is one of main tools in this article.
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1.2. Equidistribution towards µf for moving targets. For every g ∈
K(z) of degree > 0 and every n≫ 1, we regard the effective divisor [fn = g]
on P1 mentioned at the end of Subsection 1.1 as the positive Radon measure∑
a∈P1
(orda[f
n = g])δa on P
1,
which we also denote by the same notation [fn = g] for simplicity. Then
[fn = g]/(dn + deg g) is a probability Radon measure on P1.
The following equidistribution for moving targets under the no potentially
good reductions condition is an application of Theorem 1, and partly answers
the question posed by Favre–Rivera-Letelier [8, apre`s The´ore`me B].
Theorem 2. Let K be an algebraically closed field of any characteristic
that is complete with respect to a non-trivial and non-archimedean absolute
value. Then for every f ∈ K(z) of degree d > 1 having no potentially good
reductions and every g ∈ K(z) of degree > 0, we have
lim
n→∞
[fn = g]
dn + deg g
= µf weakly on P
1.(1.3)
In [8, The´ore`me B], they established (1.3) in the charK = 0 case (even
without the no potentially good reductions assumption), and asked about
the situation in the charK > 0 case. In Theorem 2, in the charK > 0 case,
the no potentially good reductions assumption can be relaxed but cannot be
omitted (e.g., f(z) = z + zp and g(z) = z where p = charK > 0, as pointed
out in [8, apre`s The´ore`me B]).
1.3. Organization of the article. In Section 2, we recall background on
the topology, potential theory, and dynamics on the Berkovich projective
line. In Section 3, we show a lemma, which plays a key role in the proof of
Theorem 1. In Sections 4 and 5, we show Theorems 1 and 2, respectively.
2. Background
LetK be an algebraically closed field of any characteristic that is complete
with respect to a non-trivial and non-archimedean absolute value | · |.
2.1. The Berkovich projective line. The Berkovich affine line A1 =
A
1(K) is the set of all multiplicative seminorms on K[z] which restricts
to | · | on K(⊂ K[z] naturally). We write an element of A1 like S, and de-
note it by [·]S as a multiplicative seminorm on K[z]. Under this convention,
A
1 is equipped with the weakest topology (the Gelfand topology) such that
for any φ ∈ K[z], the function A1 ∋ S 7→ [φ]S ∈ R≥0 is continuous, and then
A
1 is a locally compact and Hausdorff topological space. For more details,
see [5] (for the full generality of Berkovich analytic spaces), [1], [8] (for the
details on P1).
Let us call a subset B in K a K-closed disk if for some a ∈ K and some
r ≥ 0, B = {z ∈ K : |z − a| ≤ r}. For any K-closed disks B and B′, if
B∩B′ 6= ∅, then either B ⊂ B′ or B′ ⊂ B (by the strong triangle inequality).
The Berkovich representation [5] asserts that any element S ∈ A1 is induced
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by a non-increasing and nesting sequence (Bn) of K-closed disks Bn in that
[φ]S = inf
n∈N
sup
z∈Bn
|φ(z)| for any φ ∈ K[z].
In particular, each point in K = P1\{∞} and, more generally, each K-closed
disk are regarded as elements of A1.
We would need some details on the topology of P1 later, so let us introduce
P
1 as an “R-”tree in the sense of Jonsson [10, Definition 2.2] as follows. Any
[·]S ∈ A
1 extends to the function K(z) → R≥0 ∪ {+∞} such that for any
φ = φ1/φ2 ∈ K(z) where φ1, φ2 ∈ K[z] are coprime, [φ]S = [φ1]S/[φ2]S ∈
R≥0 ∪ {+∞}, and we also regard ∞ ∈ P
1 as the function [·]∞ : K(z) →
R≥0 ∪ {+∞} such that for every φ ∈ K(z), [φ]∞ = |φ(∞)| ∈ R≥0 ∪ {+∞}.
As a set, let us define P1 := A1 ∪ {∞}, which is also equipped with a
(partial) order ≤∞ so that for any S,S
′ ∈ P1, S ≤∞ S
′ if and only if
[·]S ≤ [·]S′ on K[z](⊂ K(z)). For any S,S
′ ∈ P1, if S ≤∞ S
′, then set
[S,S ′] = [S ′,S] := {S ′′ ∈ P1 : S ≤ S ′′ ≤ S ′}, and in general, there is the
unique, say, S ∧∞ S
′ ∈ P1 such that [S,∞]∩ [S ′,∞] = [S ∧∞ S
′,∞], and set
[S,S ′] := [S,S ∧∞ S
′] ∪ [S ∧∞ S
′,S ′].
For any S ∈ P1, let us introduce the equivalence class
TSP
1 := (P1 \ {S})/ ∼,
where for every S ′,S ′′ ∈ P1\{S}, we say S ′ ∼ S ′′ if [S,S ′]∩[S,S ′′] 6= {S}, or
equivalently, [S,S ′]∩ [S,S ′′] = [S,S ′′′] for some S ′′′ ∈ P1 \ {S}. An element
of TSP
1 represented by an element S ′ ∈ P1 \ {S} is denoted by
−−→
SS ′. We
call an element of TSP
1 a direction of P1 at S and write it like v, and also
denote it by U(v) as a subset in P1 \ {S}; we note that for every a ∈ P1,
#TaP
1 = 1.
Let us equip P1 with the observer topology having the quasi-open basis{
U(v) : S ∈ P1,v ∈ TSP
1
}
. This topological space P1 coincides with the
one-point compactification of A1, both P1 and P1 \ P1 are dense in P1, the
set U(v) is a component of P1 \ {S} for each S ∈ P1 and each v ∈ TSP
1,
and for any S,S ′ ∈ P1, the set [S,S ′] is an arc in P1.
We prepare the following.
Lemma 2.1. For any domains U, V in P1, if U ∩ V = ∅ and ∂U ∩ ∂V 6= ∅,
then ∂U ∩ ∂V is a singleton, say, {S0} in P
1 \ P1, and moreover, there are
distinct u,v ∈ TS0P
1 such that U ⊂ U(u) and V ⊂ U(v).
Proof. Let U, V be domains in P1 satisfying U ∩ V = ∅ and ∂U ∩ ∂V 6= ∅,
and fix S0 ∈ ∂U ∩∂V . Then U ⊂ U(u) and V ⊂ U(v) for some u,v ∈ TS0P
1
since both U and V are domains in P1 \ {S0}. Then we must have u 6= v,
or equivalently U(u) ∩ U(v) = ∅ since for some (indeed any) S ∈ U and
some (indeed any) S ′ ∈ V , we have u =
−−→
S0S,v =
−−→
S0S
′, [S0,S] \ {S0} ⊂ U ,
[S0,S
′] \ {S0} ⊂ V (and the assumption U ∩ V = ∅). Now the proof is
complete since (∂U) \ {S0} ⊂ U(u) and (∂V ) \ {S0} ⊂ U(v). 
2.2. Potential theory on P1. For potential theory on P1 = P1(K) in-
cluding the fully general study of harmonic analysis on P1, i.e., subhar-
monic functions on open subsets in P1, see Baker–Rumely [1] and Thuil-
lier [13], and for the study of the class of “δScan -subharmonic functions”
AN A PRIORI BOUND OF RATIONAL FUNCTIONS 5
g : P1 → R≤0 ∪ {−∞} such that
∆g + δScan
are probability Radon measures on P1, see Favre–Rivera-Letelier [8]. Here
∆ = ∆P1 is the Laplacian on P
1 (in [1] the opposite sign convention on ∆
is adopted), and the Gauss (or canonical) point Scan ∈ P
1 is represented by
the (constant sequence of the) K-closed disk OK = {z ∈ K : |z| ≤ 1}, i.e.,
for every φ ∈ K[z], [φ]Scan = supz∈OK |φ(z)|.
Let ‖(z0, z1)‖ = max{|z0|, |z1|} be the maximal norm on K
2, and pi :
K2 \ {(0, 0)} → P1 be the canonical projection. Noting that K2 ∧K2 ∼= K,
the (normalized) chordal metric [z, w] on P1 is defined as
[z, w]P1 :=
|Z ∧W |
‖Z‖ · ‖W‖
≤ 1, z, w ∈ P1,(2.1)
where Z ∈ pi−1(z) and W ∈ pi−1(w); the topology on (P1, [z, w]) coincides
with the relative topology of P1 as a subset of P1. The function
logmax{1, | · |}(= − log[·,∞]P1) on K
extends continuously to P1\{∞} and in turn to a function P1 → R≥0∪{+∞}
such that, writing also this extension as logmax{1, | · |} for simplicity, we
have
∆(logmax{1, | · |}) = δScan − δ∞ on P
1.(2.2)
2.3. Dynamics of rational functions on P1. Let h ∈ K(z) be of degree
> 0. A (non-degenerate homogeneous) lift of h is an ordered pair H =
(H0,H1) ∈ (K[z0, z1]deg h)
2, which is unique up to multiplication in K∗,
such that pi ◦ H = h ◦ pi on K2 \ {(0, 0)} (and that H−1(0, 0) = {(0, 0)}).
Then the function
TH := log ‖H‖ − (deg h) · log ‖ · ‖
on K2 \ {0} descends to P1 and in turn extends continuously to P1, and in
fact
∆TH = h
∗δScan − (deg h) · δScan on P
1
(see, e.g., [12, Definition 2.8]).
Let f ∈ K(z) of degree d > 1, and fix a lift F of f . Then for every n ∈ N,
Fn is a lift of fn and deg(fn) = dn, and there is the uniform limit
gF := lim
n→∞
TFn
dn
on P1,(2.3)
which is continuous on P1 and in fact satisfies
∆gF = µf − δScan on P
1(2.4)
(see [1, §10], [8, §6.1]). We call gF the dynamical Green function of F on
P
1.
For every g ∈ K(z) of degree > 0 and every n ∈ N, the function z 7→
[fn(z), g(z)]P1 on P
1 extends continuously to a function
S 7→ [fn, g]can(S)
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on P1 so that 0 ≤ [fn, g]can(·) ≤ 1 on P
1 and that
∆ log[fn, g]can(·) = [f
n = g] − (fn)∗δScan − g
∗δScan on P
1
([12, Proposition 2.9 and Remark 2.10]); this extension does not neces-
sarily coincide with the evaluation function S 7→ [S ′,S ′′]can at (S
′,S ′′) =
(fn(S), g(S)) ∈ (P1)2. Fixing also a lift G of g, for every n ∈ N, we have
∆(log[fn, g]can(·) + TFn + TG) = [f
n = g]− (dn + deg g)δScan(2.5)
on P1.
2.4. The Fatou-Julia strategy. Let f ∈ K(z) be of degree d > 1. The
Berkovich Julia set J(f) of f is defined by suppµf , so is non-empty, and the
Berkovich Fatou set F(f) of f is by P1 \ J(f). We prepare the following.
Lemma 2.2. Let D be an open subset in P1 such that, for some sequence
(nj) in N tending to ∞ as j → ∞ and some g ∈ K(z), limj→∞ f
nj = g
uniformly as such mappings D ∩ P1 → (P1, [z, w]). Then D ⊂ F(f).
Proof. Suppose to the contrary that there is S ∈ D∩J(f). Then for any open
neighborhoodD′ of S inD, by the equidistribution (1.1), lim infj→∞ f
nj(D′)
contains the dense subset P1\E(f) in P1, and then g(D′∩P1) must be dense
in P1. This is impossible since P1 \ g(D′ ∩ P1) contains a non-empty open
subset in P1 if D′ is small enough. 
A Berkovich Fatou component W of f is a component of F(f). Both
J(f) and F(f) are totally invariant under f , f maps a Berkovich Fatou
component of f properly to a Berkovich Fatou component of f , and the
preimage of a Berkovich Fatou component of f under f is the union of (at
most d) Berkovich Fatou components of f . A Berkovich Fatou component
W of f is said to be cyclic under f if fp(W ) = W for some p ∈ N, and
then the minimal such p is called the exact period of W (under f). A cyclic
Berkovich Fatou component W of f having the exact period, say, p ∈ N is
called a Berkovich domaine singulier of f if fp : W → W is injective; then
in particular f−1(W ) 6=W since d > 1.
3. A key lemma
LetK be an algebraically closed field of any characteristic that is complete
with respect to a non-trivial and non-archimedean absolute value | · |.
Lemma 3.1. Let f ∈ K(z) be of degree d > 1, and have no potentially good
reductions. Then (i) for any Berkovich Fatou component U of f , we have
∂U 6= J(f) if f−1(U) 6= U , and moreover, (ii) for every cyclic Berkovich
Fatou component W of f satisfying f−1(W ) 6=W , we have µf (∂U) = 0 for
every component U of
⋃
n∈N∪{0} f
−n(W ).
Proof. Let us see (i). Let U be a Berkovich Fatou component of f , and
suppose not only f−1(U) 6= U but, to the contrary, also ∂U = J(f). Pick
a component V of f−1(U) other than U . Then U ∩ V = ∅ and ∂U ∩ ∂V =
J(f) ∩ ∂V 6= ∅, so by Lemma 2.1 and ∂U = J(f), there is S0 ∈ P
1 \ P1 such
that
∂V = {S0} ⊂ ∂U = f(∂V ) = {f(S0)},
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and in turn suppµf := J(f) = ∂U = {S0}(= {f(S0)}). In particular,
µf ({S0}) = 1 > 0, which contradicts the assumption that f has no poten-
tially good reductions.
Let us see (ii). Pick a cyclic Berkovich Fatou component W of f having
the exact period p ∈ N and satisfying f−1(W ) 6= W . Then for any n ∈ N
and any distinct components U, V of f−pn(W ), by Lemma 2.1, ∂U ∩ ∂V is
either ∅ or a singleton in P1 \ P1, the latter of which is still a µf -null set
under the assumption that f has no potentially good reductions. Hence for
every n ∈ N, also by the f -invariance of µf and f
p(W ) =W , we have
µf (∂W ) = µf (f
−pn(∂W )) =
∑
U : a component of f−pn(W )
µf (∂U)
= µf (∂W ) +
∑
U : a component of f−pn(W ) other than W
µf (∂U),
which first concludes µf (∂U) = 0 for every component U of f
−pn(W ) other
than W . In particular, µf (
⋃
n∈N∪{0} f
−pn(∂W )) = µf (∂W ), which with
the f -ergodicity of µf and f
p(W ) = W yields µf (∂W ) ∈ {0, 1}. Under the
assumption that f−1(W ) 6=W , this with (i) also concludes µf (∂W ) = 0. 
4. Proof of Theorem 1
LetK be an algebraically closed field of any characteristic that is complete
with respect to a non-trivial and non-archimedean absolute value | · |. Let
f ∈ K(z) be of degree d > 1.
Suppose now that there are g ∈ K(z) of degree > 0 and a non-empty
open subset D in P1 such that (1.2) does not hold, or equivalently, replacing
D with some component of the minimal open subset in P1 containing the
original D as the dense subset, there is a sequence (nj) in N tending to ∞
as j →∞ such that
lim
j→∞
supS∈D log[f
nj , g]can(S)
dnj + deg g
< 0.(4.1)
Then D ⊂ F(f) by Lemma 2.2. Let U be the Berkovich Fatou component of
f containing D. Since deg g > 0, limj→∞ f
nj+1−nj = Idg(D)∩P1 uniformly as
such mappings g(D) ∩ P1 → (P1, [z, w]), and then there exists N ∈ N ∪ {0}
such that V := fnN (U)(⊃ g(D)) is a cyclic Berkovich Fatou component of f
(having the exact period, say, p ∈ N). Also by Rivera-Letelier’s counterpart
of Fatou’s classification of cyclic (Berkovich) Fatou components ([8, Propo-
sition 2.16 and its esquisse de de´monstration], see also [4, Remark 7.10]), in
fact V is a Berkovich domaine singular of f (so f−1(V ) 6= V ).
We have the uniform upper bound
sup
j∈N
sup
S∈P1
log[fnj , g]can(S) ≤ 0.
Moreover, we also have the lower bound
lim sup
j→∞
supS∈P1 log[f
nj , g]can(S)
dnj + deg g
≥ 0 > −∞;
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for, otherwise, by Lemma 2.2, we must have P1 = F(f). This contradicts
J(f) := suppµf 6= ∅.
Hence, recalling also the uniform convergence (2.3) and the equalities
(2.4) and (2.5), by a version of Hartogs’s lemma (cf. [8, Proposition 2.18],
[1, Proposition 8.57]), we can assume that there is a function φ : P1 →
R≤0 ∪ {−∞} such that
φ = lim
j→∞
log[fnj , g]can(·)
dnj + deg g
on P1 \ P1
and that ∆φ+µf = ∆(φ+ gF )+ δScan is a probability Radon measure on P
1,
with no loss of generality (see [8, §3.4] for a similar computation). Since,
also by (2.2), we have
∆(φ+ gF + logmax{1, | · |}) + δ∞ = ∆(φ+ gF ) + δScan ≥ 0 on P
1,
the function
φ(= (a subharmonic function)− (a continuous function) on P1 \ {∞})
is upper semicontinuous on P1 \ {∞}, and in fact on P1 by changing a
projective coordinate on P1. The restriction φ|U is subharmonic since
∆φ|U = (∆φ + µf )|U ≥ 0. By the assumption (4.1), the open subset
{φ < 0} in P1 contains D \ P1 6= ∅, and in turn by the maximum princi-
ple (cf. [1, Proposition 8.14]) applied to the subharmonic and non-positive
φ|U ≤ 0, we have
U ⊂ {φ < 0}.
Moreover, {φ < 0} ⊂ F(f), so that φ ≡ 0 on J(f); for, if there is S ∈
J(f) ∩ {φ < 0}, then for any open neighborhood D′ ⋐ {φ < 0} of S,
recalling the uniform convergence (2.3) and the equality (2.5), by a version
of Hartogs lemma (cf. [8, Proposition 2.18], [1, Proposition 8.57]) already
recalled in the above, we also have
lim sup
j→∞
sup
D′
log[fnj , g]can(·)
dnj + deg g
≤ sup
D′
φ < 0.
Then D′ ⊂ F(f) by Lemma 2.2, which contradicts S ∈ J(f) ∩D′.
Now assume in addition∞ ∈ f−1(U)\U(6= ∅) (so that U ⋐ P1\{∞}) with
no loss of generality, by changing a projective coordinate on P1 if necessary.
Let us define the function
ψ :=
{
φ on U
0 on P1 \ U
: P1 → R≤0 ∪ {−∞}.
The function ψ + gF + logmax{1, | · |} on P
1 \ {∞} is not only upper semi-
continuous on P1 \ {∞} (since so is φ+ gF + logmax{1, | · |}, ψ = φ = 0 on
∂U ⊂ J(f), and φ ≤ 0) but also subharmonic on both U and P1 \(U ∪{∞}),
and is indeed subharmonic (or equivalently, domination subharmonic [1,
§8.2, §7.3]) on P1 \ {∞} (since so is φ+ gF + logmax{1, | · |}, ψ = φ = 0 on
∂U ⊂ J(f), and φ ≤ 0). Consequently, also by (2.2), we have the probability
Radon measure
∆ψ + µf = ∆(ψ + gF + logmax{1, | · |}) + δ∞ on P
1.
AN A PRIORI BOUND OF RATIONAL FUNCTIONS 9
Now suppose to the contrary that f has no potentially good reductions.
Then we claim that ∆ψ = 0 on P1; for, under this assumption, we first
have µf (∂U) = 0 by (f
−1(V ) 6= V = fp(V ) and) Lemma 3.1. Next, by the
definition of ψ, we have ∆ψ = 0 on P1 \ U , or equivalently, ∆ψ + µf = µf
on P1 \ U . Finally, also by U ⊂ P1 \ J(f) = P1 \ suppµf and µf (∂U) = 0,
we have
(∆ψ + µf )(U) = 1− (∆ψ+ µf )(P
1 \U) = 1− µf (P
1 \U) = µf (U) = 0.
Consequently, ∆ψ + µf = µf on P
1, or equivalently, the claim holds.
Once this claim is at our disposal, ψ is constant on P1 \ P1, which with
ψ := 0 on P1 \ U(⊃ f−1(U) \ U 6= ∅) yields ψ ≡ 0 on P1. Then we must
have φ =: ψ ≡ 0 on U(⊂ {φ < 0}), which is a contradiction. 
5. Proof of Theorem 2
LetK be an algebraically closed field of any characteristic that is complete
with respect to a non-trivial and non-archimedean absolute value | · |. Let
f ∈ K(z) be of degree d > 1 and g ∈ K(z) be of degree > 0, and fix a
lift of F . By (2.3), (2.4), (2.5), and a continuity of the Laplacian ∆, the
equidistribution (1.3) would follow from
lim
n→∞
log[fn, g]can(·)
dn + deg g
= 0 on P1 \ P1.(1.3′)
Unless (1.3′) holds, by an argument similar to that in the previous section
involving a version of Hartogs’s lemma (cf. [8, Proposition 2.18], [1, Propo-
sition 8.57]), there exist a sequence (nj) in N tending to ∞ as j → ∞ and
a function φ : P1 → R≤0 ∪ {−∞} such that
φ := lim
j→∞
log[fnj , g]can(·)
dnj + deg g
on P1 \ P1,
that ∆φ + µf = ∆(φ + gF ) + δScan is a probability Radon measure on P
1,
and that {φ < 0} is a non-empty and open subset in P1. For any domain
D′ ⋐ {φ < 0}, recalling the uniform convergence (2.3) and the equality (2.5),
by a version of Hartogs lemma (cf. [8, Proposition 2.18], [1, Proposition
8.57]), we must have
lim sup
j→∞
sup
S∈D′
log[fnj , g]can(S)
dnj + deg g
≤ sup
D′
φ < 0.
This is impossible if f has no potentially good reductions, by Theorem 1. 
Remark 5.1. The difference between the proofs of Theorem 2 and Favre–
Rivera-Letelier’s [8, The´ore`me B] (in the charK = 0 case but without the
no potentially good reductions assumption) is caused by the fact that when
charK > 0, no (geometric) structure theorems on quasiperiodicity domains
(containing g(D) in the proof of Theorem 1), which are subsets of domaines
singuliers (appearing as V in the proof of Theorem 1), have been known.
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